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Abstract 

Exterior algebras and differential forms are widely used in many 
fields of modern mathematics and theoretical physics. In this paper 
we define a notion of iV-metric exterior algebra, which depends on 
N matrices of structure constants. The usual exterior algebra (Grass- 
mann algebra) can be considered as 0-metric exterior algebra. Clifford 
algebra can be considered as 1-metric exterior algebra. iV-metric ex- 
terior algebras for N > 2 can be considered as generalizations of the 
Grassmann algebra and Clifford algebra. Specialists consider models 
of gravity that based on a mathematical formalism with two metric 
tensors. We hope that the considered in this paper 2-metric exteri- 
or algebra can be useful for development of this model in gravitation 
theory. Especially in description of fermions in presence of a gravity 
field. 



Clifford algebras with a nondiagonal matrix of structure constants. 

Let £ be the 2 n -dimensional vector space over a field F (of real or complex 
numbers) with basis elements 

e, e 4 , e il<2 ,. . . , e 1 "'", 1 < i < n, 1 < h < i 2 < n, . . . , (1) 

enumerated by ordered multi-indices of length from to n. And let us take a 
real symmetric nondegenerate matrix g G Mat(n, R) with elements = g^ 1 . 
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For elements of the vector space £ we define multiplication ( Clifford mul- 
tiplication) by the following rules: 

1) ( a U)V = U{aV) = a{UV) for W, V G 6, a G F. 

2) (C7 + F)W = £W + yVF, W(U + V)=WU + WV for W, V,W eS. 

3) (C/F)W = for W, V,W £ £. ' 

4) eU = Ue = U for W G 5. 

5) eV + e J e* = 2g lj e for i,j = l,...,n. 

6) e 11 . . . e lfc = e ll --- %k for 1 < ii < • • • < < n. 

Note that the rules l)-4) are standard axioms of an associative algebra 
with identity elements e. 

Using these 6 rules we can calculate products of any basis elements (CD). In 
fact, to find the product e n . . . e lk with unordered indices we may rearrange 
factors in it using the rule 5), taking into account that from the product 
eV in the case i > j we get two summands: one that contain e?e % and 
another that contain 2g^e. As a result, with the aid of the rules l)-5) the 
product e n . . . e %k can be transformed into a sum of products of elements e % 
with ordered indices 

e h ... e lk = ae h . . . e lp + (3e mi . . . e™ 9 + . . . , 

where l\ < • • • < l p , mi < • • • < m q , . . . ; a, /3, . . . are scalars. Now, in 
accordance with the rule 6) we obtain 

e* 1 ... e lk = ae h - lp + /^e™ 1 -™ 9 + . . . , 

that means at the right hand part we get a linear combination of elements 
of the basis (CD). Finally, to calculate the product of any two elements of the 
basis (CD) we must write 

e h-ik e h-jr _ e *i _ _ e ik e^ x . . e^ r 

and use the previous reasoning. 
Example. Let us calculate the product 

e 13 e 234 = e 1 e 3 e 2 e 3 e 4 = e 1 (-e 2 e 3 + 2^ 3 e)e 3 e 4 

= -£ 33 eVe 4 + 2/ 3 e 1 e 3 e 4 = -# 33 e 124 + 2# 23 e 134 . 

Denote by E* the vector space that spanned on basis elements e 1 , . . . , e n 
with one index (we use notation E* because in many applications the space 
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E* is the dual space to some initial pseudo-Euclidean space E). In the sequel 
we see that 2 n dimensional vector space 8 can be considered as the exterior 
algebra of the space E* . 

The vector space 8 over a field F with the defined operation of multi- 
plication is called (real or complex, depends on F) Clifford algebra with the 
matrix of structure constants g = \\g lJ \\ and denoted by Ci(E*,g). Basis ele- 
ments with one index e , . . . , e n are called generators of the Clifford algebra 
C£(E*, g) and the basis (CO) is called the Clifford basis of the algebra Ci(E*, g). 

If the matrix \\g l3 \\ is diagonal, moreover with r pieces of 1 and q pieces 
of —1 on the diagonal, then the corresponding Clifford algebra is denoted by 
C£(r,s) (by Ct(ri) for s = 0). 

One of the most important properties of Clifford algebras is the following: 
if an element U 6 Ci(E*,g) is a linear combination of generators U = Uje 3 , 
then U 2 = (g Z3 UiUj)e, i.e. the square of this element is a scalar (proportional 
to the identity element e). 

An exterior multiplication of elements of a Clifford algebra C£(E*, g). 
For elements of a Clifford algebra C£(E*, g) we define the operation of exterior 
multiplication, which we denote by the symbol A. For products of generators 
we put 

e !l Ae !2 A...Ae Ifc =e [ V 2 ...e 8tl , (2) 

where square brackets denote the operation of alternation of indices. 

In particular, from ([2]) we get the main identity of the Grassmann algebra 

e l A e j = -e j A e*. 

Example. 

e 11 A e 12 = \{e n e 12 - e l2 e n ) = eV 2 - g lll2 e, (3) 

It can be checked that the formula fl2]) is equivalent to the following 
formula: 

f-1 

(—~]) r 

A . . . A e lk = e h . . . e lk + ^ ^-^Q r (e n ...e ik ), (4) 

r=l T ' 

where 

Q(e h . . . e lk ) = {- l ) q ~ P ~ 1 g ipiq e il ...(?*.. .e ik . 

l<p<q<k 
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The symbol " over the factor e l p means that this factor in the product is 
omitted, Q r is the operation Q applied r times, and [|] is the integer part of 
the number k/2. 

Formula (111) can be taken as the definition of exterior multiplication of 
Clifford algebra elements instead of formula (E)). 

Using formula (Hj) we may express Clifford products of generators e 1 in 
terms of exterior products of generators. Namely, 

[f] 1 

. . . e ik = e n A . . . A e ik + V -Q r (e n A ... A e ife ), (5) 

< j f ! 

r=l 

where 

Q{e n A ... A e lk ) = ^ (_i)9-p- y^ e *i A ... A A ... A e'? A ... A e ifc . 

l<p<Q<fc 

Example. From formula (Ej), in particular, we get 

e ll e 12 =e ll Ae J2 +f l2 e, (6) 

eVV 3 = e 11 A e i2 A e* 3 + flf^^e* 1 - g his e i2 + ^ li2 e 13 , 

Formula (j5j) gives us possibility to express elements of Clifford basis (CD) in 
terms of linear combinations of the following elements, which form a new 
basis of Clifford algebra (Grassmann basis) 

e,e , ) e il Ae !2 ) ...,e 1 A...Ae n , 1 < i < n, 1 < h < i 2 < n, . . . . (7) 

Conversely, formula (Hj) gives us possibility to express elements of Grassman 
basis (J7J) in terms of linear combinations of elements of Clifford basis ([[]). 
Now we can find the result of exterior multiplication 

f A c n (8) 

of any elements of Clifford basis. This can be done it tree steps. 

Gl. Let us express basis elements e n '" tp , eP 1 '"^ in terms of elements of 
Grassmann basis (Ej) and substitute corresponding expressions into (Ej). 

G2. Further we calculate the exterior product of elements of Grassmann 
basis. We get a result in the form of a sum of basis elements (J7J). 
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G3. Using formulas (Hj), we write down result in terms of Clifford basis 
Example. 

e 13 a e 23 = (e 1 A e 3 + g 13 e) A (e 2 A e 3 + g 23 e) 
= g 23 e l A e 3 + # 13 e 2 A e 3 + g 13 g 23 e 
= / 3 (e 13 -^ 3 e)+^ 3 (e 23 -/ 3 e)+^y 3 e 
= 9 23 e 13 + g U e 23 - g 13 g 23 e. 

On the same way we may find the result of Clifford multiplication of any 
elements of Grassmann basis 

{e h A ... A e ip ){e n A ... A e**), h < ■ ■ ■ < i p ; ji < • ■ • < j q . (9) 

This also can be done in tree steps. 

CI. Let us express Grassmann basis elements e n A . . . A e lp , e jl A ... A e jq 
in terms of elements of Clifford basis (CD) using formulas ((4j) and substitute 
corresponding expressions into (E]). 

C2. Further we calculate the Clifford product of elements of Clifford 
basis. We get a result in the form of a sum of basis elements ([I]). 

C3. Using formulas (E]), we write down result in terms of Grassmann 
basis (|7j). 

Example. It is easy to check that 

(e 1 A e 3 )(e 2 A e 3 ) = -<? 3 V A e 2 + # 2 V A e 3 — # 13 e 2 A e 3 + (g 13 g 23 - g 12 g 33 )e. 

Therefore we arrive at the 2 n -dimensional vector space over a field F 
(real or complex numbers) with two operations of multiplication - Clifford 
multiplication and exterior multiplication and with two bases (0Q) and (171). For 
both operations of multiplication the associativity and distributivity axioms 
are satisfied. The basis element e is the identity element for both operations. 

If the matrix of structure constants g = \\g tJ \\ is diagonal, then every 
formulas (HI) and (ED gives us relations 

e *i . . . e ik = e k A . . . A e lk i x < ■ ■ ■ < i k (10) 

that means bases (CD) and (171) are coincide. In this simple case the described 
construction of 2 n -dimensional vector space with two operations of multipli- 
cation (exterior and Clifford) was considered by many authors (the first was 
H. Grassmann in 1877 [2], see also [3]). 
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Exterior polymetric algebras. Clifford algebra C£(E*, g), considered with 
only operation of exterior multiplication A and with Grassmann basis (J7J), 
is the exterior algebra and denoted by A(E*). Hence in previous section we 
start from Clifford algebra C£(E*,g) and arrive at exterior algebra A(E*). 
In this section we follow in the opposite direction - from exterior algebra 
A(E*) to Clifford algebra Ci(E*,g). On this way we arrive at a new class of 
mathematical objects - exterior polymetric algebras. 

Let E* be an n-dimensional vector space with the basis e , . . . , e n and 
A(E*) be the exterior algebra of the vector space E* with the operation of 
exterior multiplication A : A(E*) x A(E*) — > A(E*) and with Grassmann 
basis (J7J). 

The exterior multiplication satisfies the condition e % A e J = —e 3 Ae l . The 
exterior algebra A(E*) is an associative algebra with identity elements e. The 
dimension of the exterior algebra is equal to 2 n . 

Let us take a symmetric nondegenerate matrix g = \\g l3 \\ G Mat(n, R). 
With the aid of this matrix and using formulas we define new basis (pQ) 
of the algebra A(E*). This basis (Clifford basis) gives us possibility to define 
Clifford multiplication for elements of the exterior algebra using rules l)-6) 
(see page EI) and rules C1-C3 (see page [3). 

So we again arrive at the algebra C£(E*,g) with two operations of multi- 
plication - exterior and Clifford. However the fact that now we start from 
the exterior algebra gives us possibility to generalize the considered con- 
struction. Namely we may consider algebras that have several matrices of 
structure constants gi, . . . ,g^. 

That is let E* be n dimensional vector space and A(E*) be the exterior 
algebra of the space E* with operation of exterior multiplication (the di- 
mension of vector space A(E*) is equal to 2 n ) and with the basis (jTj). And 
let we have N symmetric nondegenerate matrices <7i,...,<7at £ Mat(n, R). 
Elements of these matrices we denote by g l Ay i,j = l,...,n,k = l,...,N. 
With the aid of matrices gi, . . . , g^ we define TV operations of multiplication 

k k 

V: A(E*) x A(E*) — > A(E*), k = 1, . . . , N. Every operation V is an operation 
of Clifford multiplication of elements of exterior algebra that defined with the 
aid of the matrix g^ and using rules l)-6) (see page [2]) and rules C1-C3 (see 
page 03) . 

The resulting unital associative algebra (with the exterior multiplication 

1 N 

A and with Clifford multiplications V,...,V) is called exterior polymetric 
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algebra or N -metric algebra and denoted by A(E*,gi, . . . ,Qn)- 0-metric al- 
gebra coincide with the exterior algebra A(E*) and 1-metric algebra coincide 
with the Clifford algebra Ci(E*,g). A-metric algebras A(E*,gi, . . . ,g^) for 
N > 2 can be considered as a generalization of exterior algebra and Clifford 
algebra. 

In the considered construction of exterior polymetric algebra the Grass- 
mann basis ((7]) play a primary role and Clifford bases play secondary role. 

A notion of rang of an element of exterior polymetric algebra corresponds 
to the Grassmann basis. Namely, an element U G A(E*,gi, . . . ,g N ) of the 
form 

U = u h-ik eil A . . . A e 3fe 

ji<---<3k 

is called element of rang k. The set of rang k elements is the subset 
Ak(E*,gi, . . . ,g N ) of the dimension C%. Also we define notions of even and 
odd elements of a polymetric algebra and 

A(E*,g u ...,g N ) = ©£ =0 A fc (£*, g 1: . . . , g N ) 

= A Even (E* , gi, . . . , g N ) © A & A {E* , gi, . . . , gN)- 

Dimensions of subspaces A Even (£ bt: , #1, • • • , (/at), Aodd(^*, gi, ■ ■ ■ , gN) are equal 
to 2 n_1 . The set of even elements A Even (E*, gi, . . . , g^ is the subalgebra of 
the exterior A-metric algebra. 

Operations of conjugation of elements of a polymetric algebra also cor- 
respond to the Grassmann basis. In particular, the operation of pseudo- 
Hermitian conjugation \ : A(E*, gi, . . . , g N ) — > A(E*, gi, . . . , g^) can be de- 
fined by the following rules: 

• (e a )* = e a , a = 1, . . . , n; 

• (U AV)t = V*AU*; 

• {U + Vf = Ui + Vi; 

• (AC/)* = XU X . 

U,V E A(E*,gi, . . . , g N ), A G F. 

About applications of the polymetric exterior algebra. In addition to Ein- 
stein's General Theory of Relativity there are several alternative models of 
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gravity. In particular, specialists consider models that based on a mathemat- 
ical formalism with two metric tensors. We hope that the considered in this 
paper 2-metric exterior algebra can be useful for development of this models 
in a gravitation theory. Especially for description of fermions in presence of 
a gravity field. 
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